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Abstract 

(N ; 

We consider the global existence and blow up of solutions of the Cauchy problem 
of the quasilinear wave equation: dfu = d x (c(u) d x u), which has richly physical 
backgrounds. Under the assumption that c(tt(0, x)) > 5 for some 5 > 0, we give 
sufficient conditions for the existence of global smooth solutions and the occurrence 
' of two types of blow-up respectively. One of the two types is that L°°-norm of dtu or 

d x u goes up to the infinity. The other type is that c(it) vanishes, that is, the equation 
degenerates. 

cv 

< 

In this paper, we consider the Cauchy problem of the following wave equation: 



1 Introduction 



d\u = d x (c(u) 2 d x u), (t,x) G (0,T] x 
Cs| i (1-1) I u(0,x) =u (x), x£R, 

^ ■ [ dtu(0,x) = ui(x), x£K, 

■ where u(t, x) is an unknown real valued function. The equation in (jl.ip has some physical 

backgrounds including vibrations of a string. 
' We assume that c G C°°((6>o, oo)) for some 9q € [— oo, 0) satisfies that 

o ' 

(1.2) lim c{9) = 0, 

(1.3) c(0) > for all 9 > 9 , 

(1.4) c'(0) > for > # - 

We denote Sobolev space (1 - <92)-2L 2 (R) for s G R by iZ" s (R). For a Banach space 
X, C J '([0, T]; X) denotes the set of functions / : [0, T] — » X such that /(i) and its A; times 
derivatives for k = 1,2, ... ,j are continuous. L°°([0, T];X) denotes the set of functions 
/ : [0, T] — )• X such that the norm ||/||l<=o([ ,t]:X) := ess - su P[o,T] ll/(*)l|x is finite. Various 
positive constants are simply denoted by C. 

By dividing the both side of (jl.ip by c(u(t, x)) 2 , (jl.ip is formed to 

/t K \ 1 o2 t ± \ f,2 ( . ^ 2c'(u(t,x))(d x u(t,x)) 2 

(1.5) —— rrzO£u(t, X) — O x U{t, X) ~ 
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Since the left hand side of (jl.5p has a singularity at u = 9q, we call a solution u to 
hyperbolic equation (jl.ip to blow up, when 

(1.6) WHa^lUoo + \\d x u(t)\\ L co) = oo, 
or 

(1.7) lim inf u(s,x) = 9n, 

t/T(s,x)6[0,t]xR 

occurs in finite time T > under the assumption that u(0, x) > 5 for some positive 
constant 5. The blow up criterion (jl.6p and ()1.7j) of some class of hyperbolic systems 
including (jl.ip is introduced in the textbooks of Majda |15| and Alinhac [2]. The aim of 
this paper is to obtain sufficient conditions for the global existence of solutions and the 
occurrence of the blow-up phenomena (jl.6p and (jl.7p in finite time respectively. 

We denote the blow up time of the solution u of the Cauchy problem (jl.ip by T* , that 

is, 

T* := sup{ T > | sup{\\d t u(t)\\ L °o + Ha^i)^} < oo, inf u(t,x) > O }■ 

[0,T] [0,T]xM 

Theorem 1. Let c(-) G C°°((0 O , oo)) and wuttaZ data (u ,ui) G # S+1 (R) x # S (R) for 
s > i. Suppose c(0) and {uq,u\) satisfy (|1.2p . (|1.3p . ()1.4p and 

(1.8) u (x) > O /or x G K, 

(1.9) ui(x) ± c(uo(x))32;Mo(x) < /or 

(1.10) - f m{x)dx < [ c{9)d9. 

Jr Je 

Then (jl.ip has a unique global solution such that u G f]j=o i 2 C^dPi °°); H s:1+ (K)). 

Theorem 2. Zei 0o 7^ —00. Under the same assumption as in Theorem^ without (|1.10|) . 
w;e assume that 

(1.11) suppuoi suppiii C [—K,K] for some K > 0, 



(1.12) - / ui(x)dx > -20 o c(O). 



Then T* < 00 and tae solution u G ^=0,12 ^(t ' T *)5 W) 0/ JTT]) satisfies that 

lim u(i, xo) = 0o f or some xq G R. 

Theorem 3. Lei c G C°°((0 o ,oo)) and initial data (1*0,1*1) G £P +1 (R) x # S (R) \ {0} /or 
s > \. Suppose c(0) and (uo,ui) satisfy that there exists a constant 5 > such that 

(1.13) it (x) > O /or x G R, 

(1.14) c'(0) > /or a// > O , 

(1.15) suppuo, suppui C [—K,K] for some K > 0, 

(1.16) iii(x) ± c(no(x))3 x iio(x) > /or x G R. 

T/ien T* < 00 and the solution u G f\=o,i,2 Cj ([°> T *)? # s-:, ' +1 ( R )) °/ (EH) satisfies 

lira ||9t«(t)||L<» + \\d x u(t)\\ L °° = 00. 
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Remark 4. Let c(-) G C°°(M) and initial data (u , u x ) G iF +1 (IR) x if s (R) \{0} for s > §. 
Suppose that there exists a constant ci > such that c(9) > c\ for all 9 G IR instead of the 
assumption (|1.2|) and (|1.3|) . If (jl.4j) and (|1.9|) hold, then (| 1 . 1 j) has a unique global solution 
such that u G rij=o,i,2 ^ j ([0, oo); H s ^ +l (R)). 

Remark 5. In Theorem [I] if 9 = — oo, then we does not need the assumption (jl.lOp . 

Remark 6. The equation in (jl.ip does not degenerate for the global solution which is 
constructed by Theorem [I] that is, the global solution u in Theorem [1] satisfies that there 
exists a constant 9\ > 9q such that 

u(t, x) > #i, 

for (t, x) G [0, oo) x M. 

The equation in has richly physical backgrounds (e.g. the flow of a one di- 

mensional gas, the shallow water waves, the longitudinal wave propagation on a moving 
threadline, the dynamics of a finite nonlinear string, the elastic-plastic materials or the 
electromagnetic transmission line). In [2], Ames, Lohner and Adams study the group prop- 
erties of the equation in (jl.ip by using the Lie algebra and introduce physical backgrounds. 
In [20], Zabusky introduce the equation 

(1.17) d$v = (1 + d x v) a d 2 x v, 

which describes the standing vibrations of a finite, continuous and nonlinear string for 
a > 0. Setting u = d x v for the solution v to (|l,17p . u is a solution to the equation: 

(1.18) dfu = d x ({l + u) a d x u). 

In author's previous work [11], the author show a global existence theorem for (jl.ip 
under some conditions on the function c and initial data. However, we can not apply the 
global existence theorem of [llj to (|1.18p since the theorem requires the condition that 
there exists a constant cq > such that 

(1.19) c{9) > c for all 6 G R. 

Our global existence theorem (Theorem 1) can yield a global solvability for some equations 
including (|1.18p . 

Many authors [3 El [THl [19], [8] [9] [11] study the Cauchy problem of the equation 

(1.20) dfu = c{ufd 2 x u + Xc(u)c (u)(d x u) 2 , 

for < A < 2. (fL20l) with A = 2 is the equation in ([Til . 

Kato and Sugiyama [9] and Sugiyama [9] show that the same theorem as Theorem [2] 
holds for (|1.20p for < A < 2 without the restriction j R ui(x)dx (the assumption (|1.12p ). 

The equation in (jl.ip is related to equations 

(1.21) dtv = ±c(v)d x v and dfv = c(d x v)d 2 v. 

In fact, the solution v to the first equation of (jl.21|) is a solution to the equation in (jl.ip . 
The function d x v with the solution v to the second equation of (jl.2ip is a solution to the 
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equation in (jTTTj) . Lax [TO] and John [3] study the blow up for the first and the second 
equations of (|l,2ip respectively. In |16j . MacCamy and Mizel study the Dirichlet problem 
for the second equation in (|1.21|) . 

The blow up of the 2 and 3 dimensional versions of the equation in (jl.ip : 

dfu = div(c(u) 2 Vu), 

is studied by Li, Witt and Yin [T4] and Ding and Yin [3] respectively. 

We prove Theorem [1] by using Zhang and Zheng's idea in |18] and an estimate which 
ensure that the equation does not degenerate. In [18] . Zhang and Zheng show the global 
existence of solution to (|1.2U|) with A = 1 under some conditions on c and initial data 
including ([1.19]) . 

The proof of Theorem [2] is based on the method in [2 [H] which give a sufficient 
condition that the equation ([1.20]) for < A < 2 and c(u) = u + 1 degenerates in finite 
time. 

In the proof of Theorem [3j we use the Riemann invariants and the method of charac- 
teristic. 

This paper is organized as follows: In Section 2, we introduce the local existence and 
the uniqueness of solutions of (jl.ip . In Sections 3, 4 and 5, we show Theorems [H [2] and [3] 
respectively. 

2 Local existence and uniqueness 

In this section, we introduce the local existence and the uniqueness of solutions of (|l.ip . 
The local well-posedness of some class of second order quasilinear strictly hyperbolic equa- 
tions including the equation (jl.ip is established by Hughes, Kato and Marsden [TJ. Their 
proofs are based on the Energy method. Furthermore, by the Moser type inequality, the 
above local well-posedness results are sharpened (e.g. Majda [15] and Taylor [UJ). Roughly 
speaking, the results in [15] and [T7] state that the solution u of (jl.ip persists as long as 
||9tit||ioo and ||<9 x u||l°o are bounded. 

The following theorem is obtained by applying Theorem 2.2 in [15J and Proposition 
5.3.-B in [IT] to the Cauchy problem (jl.ip . 

Proposition 7. Suppose that c(9) and (uq,ui) G .£P +1 (1R) x H s (M.) for s > \ and c € 
C°°(M) satisfy (jl.8j) . Then there exist T > and a unique solution u of (jl.ip with 

(2.1) ue P| C^([0,oo);^ +1 (R)) 

.7=0,1,2 

and 

(2.2) u(t,x) > 6 for (t,x) G [0,T] x R. 

Furthermore, if (jl.ip does not have a global solution u satisfying (|2.ip and (j2.2p . then 
the solution u satisfies 

(2.3) lim ||5tti(t)||i,oo + IIc^-u^Hloo = oo. 
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or 



(2.4) lim inf u(s,y) = , 

t/*T(«,»)6[0,t)xR 

/or some T > 0. 



3 Proof of Theorem Q] 

We set the Riemann invariants R\(t,x) and R 2 (t,x) as follows 
(3.1) 



i?i = dtu + c(u)d x u, 
R 2 = dtu — c{u)d x u. 



By (jl.ip . i?i and i?2 are solutions to the system of the following first oder equations 



(3.2) 



d t Ri - c(u)d x Ri = 
d t u=^(R 1 + R 2 ), 
d t R 2 + c(u)d x R 2 = 



c'(u) 
2c(u) 

c'(u) 
2c(u) 



{R\ — R 2 Ri), 



(R2 — R\R 2 ) 



For the proof of Theorem Q3 we prove some lemma. 

Lemma 8. Suppose that c{6) G C°°((0o, 00)) and initial data (u ,ui) G 7P +1 (R) x 7F(R) 
with s > — satisfy (|1.8p and that R\ and R 2 are the functions in (|3.ip for the solution u 

of jnj such that u G f] C j ([0, T*); H s - j+1 (R)). 
3=0,1,2 

IfRi(0,x) > /or allx, then Ri(t,x) > for all (t,x) G [0,T*) x M. 
IfRi{0,x) < /or a/Zx, £/zen i?i(i,x) < for all (t,x) G [0,T*) x R. 
IfR 2 {0,x) > /or a//x, iften # 2 (t,x) > /or aZZ (t,x) G [0,T*) x R. 
7/ R 2 {0, x) < /or a// x, ffren i? 2 (t, x) < for all (t, x) G [0, T ) x R. 

Proo/. We show that R x (t, ■) > with J2i(0,0) > only. 

For any point (io>£o) G [0, T] x R, let x±(t) denote the plus and minus characteristic 
curves on the first and third equations of (|3.2p through (to,xo) respectively as follows, 



(3.3) 



dx±(t) 
dt 



±u(t,x±(t)), x±{t c 



x . 



From (|3.2p . Ri(t, x_(f)) is a solution to 
(3.4) 



^-R^x^t)) = p^-( Rl (t,x-(t)) 2 -ik(t,s_(i))fli(t,a;_(t))). 
at 2c -u) 



By the uniqueness of the differential equation (|3.4p . we have i?i(i, x_(i)) = for i G [0, T*) 
with 7?i(0,x_(0)) = 0, which implies that R ± (t, •) > with 7?i(0, •) > 0. 

□ 
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Lemma 9. Let p € [l,oo). Suppose that c{9) € C°°((0o> °°)) an d initial data (uq,ui) € 
H S+1 (R) x H S (R) with s>^ satisfy (OP and fl~9"|) . T/ien we /jave 

(3.5) + H^WHi, < \\Ri(0)\\ P LP + \\R2(0)\\ P L r, forte [0,T% 

where R\ and R2 are the functions in (|3.1|) for the solution u of (j 1 . 1 j) such that u € 
p| C j ([0,T*);H s - j+l (R)). 

j=0,l,2 

Proof. The proof is almost the same as in the proof of Lemma 5 in Zhang and Zheng's 
paper [18] . We give the proof of this lemma for reader's convenience. 

We denote i?i := — R\ and R2 ■= —R 2 - Lemma [8] implies that R\(t) > and i?2(i) > 
for all t. By the first equation of (|3.2p . we have 



d t Ri - c(u)d x Rx = -p^[(Ri 2 - R2R1). 
2cyu) 

Multiplying the both side of the above equation by (Ri) p , we obtain 

(3.6) -{dt(Ri) P ~ cd x {R x y] = -^((R 1 )P+ 1 - R 2 {R 1 f), 

p 2c 



By the third equation of (j3.2|) . we have 

(3.7) -cd x (R{f = -d x {c{RiY) + ~{Ri - R2), 

p p p 2c 



from which, (|3.6p yields that 

-\<>nR:V , , , 

p 2 2p c 



1 ,^ _ „ , ,1 1 ,(/,„ 

' "l 



~{d t (i?l) p - ^(c(i?!f )} = - (± - ±-)-{R^ 



c ~ , ~ . „ c' 



(3.8) + _ i22(jRl) P__i 22 ( i2l) P 
By the similar computation as above, we have 

£ - d x ( C (R 2 f )> = - (i - ^^(^r 1 

(3.9) +^ i | l(j R 2)P _|_ i? ~ l(j R 2 )P. 



By summing up (|3.8p and (|3.9p and integration over R, we have 

l_d f ,^ ^ ,^ ^ , ,1 1 s f d 
V dt J Rl 



[ (R{f + (R 2 ydx = - {\ - h [ - Ri(R~2) p )dx 

[ -((R2) p+1 - R2{Rx) p )dx 



l 2 2p' 
1 1 s /" d 



(3.10) = - ( - - -) / -(Rx - R 2 )((Ri) p - (R2) p )dx < 0. 

2 2p J R c 

Therefore, integrating the both side of ()3.10p over [0, t], we have (|3.5p . □ 
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Lemma 10. Under the same assumption as in Lemma\J^ we have 

(3.11) \\Ri(t)\\ L ~ + \\R 2 (t)\\L~ < 2(11^(0)11^ + ||i? 2 (0)|U~), forte[Q,T*). 

Proof. Noting inequalities aP + bP < (a + b) p and (a + bf < 2 p (a + b) p for a, 6 > 0, by 

raising the both side of (13.51) to the - power, we have 

P 

\\Ri(t)\\ LP + WMQWw < 2(11^1(0)11^ + \\R2(0)\\lp). 
From the fact that lim ||u||lp = with u G H S (M) (s > 1/2) (e.g. Lemma 11 in 

p— >-oo 

PI]), we have (ETTTjl . 



□ 



Lemma 11. Suppose that c{6) G C°°((6o, oo)) and initial data (uq,ui) G H 



s+l 



with s > — satisfy (jl.4[) . (|1.8p . fjl .9|) and (jl.lOp . T/ien f/iere exists #i > #o swc/i f/iaf 



(3.12) 



ii(t,a;) > 6>i, /or G [0,T*) x 



where Ri and R2 are the functions which defined in (|3.ip /or i/ie solution u of (jl.ip suc/i 

^ u g n i=0 ,i,2 ^'(t ; r *); # S_J+1 ( R ))- 

Proof. From Lemma El we have 

(3.13) \c(u)d x u(t,x)\ < —dtu(t,x), 
from which, a simple computation yields that 

fu(t,x) PX 

c{0)dO = / c(u)d x u(t,y)dy 
i(> J -00 

< / \c(u)d x u(t,y)\dy 

(3.14) <- ( d t u(t,y)dy. 

While, by the equation in (jl.ip . we have 

d 



dt 



(3.15) 

By (fTTTUj) . (1XT31) and ([BTTo]) we have 
(3.16) 

From (pTTBi (H2J) and jOJ, we have (|3TT2i 



d t u(t,y)dy = 0. 



ru(t,x) 




/ c(0)d0 


if 


JO 





f° 

ui(x)dx < / c(9)d6. 



□ 
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Proof of Theorem [TJ 

From Lemma [TTl (|'2.4|) does not occur. 

The estimates (|3.1ip and (|3,12p yield the uniform boundedness of ||9 x ti||i°o and ||9tu||i,<» 
with t G [0,T*). So (I23D does not occur. 

Therefore, we complete the proof of Theorem [TJ 

□ 

Proof of Remark [5] 

Suppose T* < oo. 

By a simple computation, we have 

< IKoIIl 00 +r* sup {||5 t u(t)||i°o}. 
[0,T*) 

By Lemma [TTl we obtain the boundedness of ||it(i)||£oo , 1 1 d t it (i)||£oo and H^x^WHl 00 for 
t, G [0, T*), which implies that the blow up ()2.3p and ()2.4p does not occur, which is 
contradiction to T* < oo. 

□ 



4 Proof of Theorem [2] 

First, we proof T* < oo. For this purpose, we use the following lemma. 

Lemma 12. Suppose that c(9) G C°°((6q,oo)) and initial data (uo,ui) G H s+1 (M)xH s 

with s> \ satisfy CLE} and (fl~Til . T/ien toe solution u G f|i=o i 2 C J ([ ' T*);H s -i +l ( 
2 j > > 

satisfies that 

supp u(t,x) C [-c(0)t - if, c(0)i + if] , 
where K > is a constant in (jl.lip . 

Lemma [T2l is proved in many text book (e.g. p. 16 in Sogge's book |12j). Sogge Prove 
the same assertion as in Lemma [121 for the C 2 solution u. By the standard approximation 
argument, Lemma [T2l can be proved in the same way as in the proof in |12j . 

Set F(t) = -J u u(t, x)dx for < t < T*. 

By the equation in (jl.ip . we have 

d 2 F 

which implies that 

(4.1) F(t) =F(0) +tF'(0). 

By Lemma [8] and the fact that u{t, •) > #0 f° r t £ [0, T*), we have 

/•c(0)t+A" 

.F(i) = - / u(t,x)dx 
J-c(0)t-K 
rc(0)t+K 

<- o dx 
J-c(0)t-K 

(4.2) = - 29 (c(0)t + K). 
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From (|4.ip and (|4.2p . we obtain that 

F(0) + 2^ c(0) 



f R ui(x)dx - 2# c(0) 



> t. 



We note that the left hand side of the above inequality is finite by (|1.12p . 

q- , , , f n rn t*\ i, T * , F(0) + 2g c(0) 

bince t can be chosen for all U, 1 ), we nave 1 < — — ; — t-t < oo. 

L ' ; ' ~ / R ui(x)dx-20 o c(O) 

Next, we show that 

(4.3) lim inf u(s,y) = 9n. 

t/T* (s,y)e[0,t)xR 

Suppose that f|4.3jl does not occur. So there exists a constant 5 > such that 

c(u(i, x)) > 5, 

for all all (t,x) € [0,T*) x K. 

By Lemma [TT1 we have the boundedness of |[o^it(t) |]ioo and ||9zii(i)||z,°° on [0, T*], 
which is contradiction to the fact that T* < oo. Hence we have ()4.3[) . 

Finally, we show that 

(4.4) lim u(t, xo) = 8q for some Xo £ R. 

Since u(i, x) is a monotone decreasing function of t for fixed x, we have 

lim inf u(s,y) = lim inf u(t,x) 
t/T* (s,y)e[0,t)xR t/T* xGR 

(4.5) = inf lim u(t,x). 

The right hand side of (|4.5p is equivalent to (|4.4p since lim t u(t, x) is compactly sup- 
ported. 

□ 

Remark 13. The same theorem as Theorem [2] holds for the equation (|1.20p for < A < 2. 



5 Proof of Theorem E] 

We define functions R\, R 2 and characteristic lines x± as ()3.ip and (j3.3|) respectively. 
By ui(x) ^ 0, we have R^O, •) or R 2 (0, •) # 0. We assume that i?i(0,x ) / 0. 
Suppose that T* = 00. 
From 

(5.1) -^(i,x_(i)) = i? 2 (i,x_(i)), 

and the assumption R 2 (0, x) > , Lemma [8] yields that u(t, X-(t)) is a monotone increasing 
function with t. By (|1.4p . there exists a 5 > such that 

(5.2) c(u(i, &_(*))) >& 
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In the same way as in the proof of Lemma [81 we obtain 

R 2 (t,x + (t)) = for t > 0, 

with cc+(0) ^ suppi? 2 (0, •)• 

Since i?2(0, •) is compactly supported, there exists Tq > such that 

(5.3) R 2 (t,x-(t)) = for t > T Q . 
By dEI} and (|53j) . we have 

(5.4) u(0,x_(0)) < u(t,a;_(t)) < C, 

for some constant C > 0. 

By dnU), dESJ) and ([O]) , we obtain 

(5.5) <5<c(u(t,aj_(t)))<Ci and C 2 < c'(u(t, x_(t))) < C 3 

for some constant Cj > for j = 1, 2 and 3. 
We chose x_(0) such that #i(0,x_(0)) > 0. 

Noting that i?i(t, X-(i)) > for f > 0, by ([O]) and ([Ojl . x_(i)) satisfies that 

(5.6) ^i2i(t,x_(t)) > C7?i(t,x_(f)) 2 , fort>T . 

From R(Tq, x-(Tq)) > 0, R(t,x_(t)) is going to infinity in finite time, which is contradic- 
tion to T* = oo. 

Since the first estimate in f)5.5|) holds on [0,T*), we have 

lim ||9tti(t)||i°o + ||9a,u(t)||ioo = oo. 

□ 
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